Since the advent of x-ray free-electron lasers (XFELs), considerable efforts have been devoted to achieve x-ray pulses with better temporal coherence 1-8 .
Here, we put forward a scheme to generate fully coherent x-ray lasers (XRLs) based on population inversion in highly charged ions (HCIs), created by fast inner-shell photoionization using XFEL pulses in a laser-produced plasma. Numerical simulations show that one can obtain high-intensity, femtosecond x-ray pulses of relative bandwidths ∆ω/ω = 10 −5 -10 −7 by orders of magnitude narrower than in XFEL pulses for wavelengths down to the sub-ångström regime. Such XRLs may be applicable in the study of x-ray quantum optics [9] [10] [11] [12] and metrology 13 , investigating nonlinear interactions between x-rays and matter 14, 15 , or in high-precision spectroscopy studies in laboratory astrophysics 16 .
Most of the XFEL facilities in operation or under construction generate x-ray pulses based on the selfamplified spontaneous-emission (SASE) process. Despite their broad (∆ω/ω ∼ 10 −3 ) and chaotic spectrum 17 , such high-intensity SASE x-ray pulses have found diverse applications in physics, chemistry and biology 18, 19 . In order to improve the temporal coherence and frequency stability, different seeding schemes have been implemented successfully [1] [2] [3] [4] [5] . In the hard-x-ray regime, the self-seeding mechanism has reduced the relative bandwidth to the level of 5 × 10 −5 at photon energies of 8 -9 keV (ref.
2). However, at higher energies around 30 keV, the predicted relative bandwidth for seeded XFELs is still around 4 × 10 −4 (ref. 17) . Further reduction of the bandwidth with low-gain XFEL oscillators (XFELOs) has also been proposed. By recirculating the x-ray pulses through an undulator in a cavity, the output x-rays have an estimated relative bandwidth as small as 10 −7 (ref. 8) . To date, however, the XFELO scheme remains untested.
Plasma-based XRLs have achieved saturated amplification for different wavelengths in the soft-x-ray regime. Such lasers are mainly based on the 3p → 3s or 4d → 4p transition in Ne-or Ni-like ions for elements varying from 14 Si to 79 Au, where the population inversion is achieved through electron collisional excitation in a hot dense plasma 21, 22 . The first hard-XRL was initially proposed through direct pumping of the 1s −1 → 2s −1 transition via photoionization of a K-shell electron 23 . Limited by the high pump power required, this scheme was demonstrated only in recent years after high-flux XFELs became available 6, 7 . In the experiments with solid copper, an XRL at 1.54Å was obtained, with a measured relative bandwidth of 2×10 −4 determined by the short lifetime of the upper lasing state due to fast Auger decay. Here we put forward an XFEL-pumped transient XRL based on He-like HCIs, where the detrimental Auger-decay channel is nonexistent due to the lack of outer-shell electrons. By choosing a lasing transition which slowly decays radiatively, this results in a further reduction of the XRL bandwidth by several orders of magnitude. The photoionization-pumped atomic laser is illustrated in Fig. 1 , where the Li-like HCIs are initially prepared in a 1s
2 2l (l = s, p) state in a laser-produced plasma 25 . A SASE XFEL pulse tuned above the K-edge of the ions first removes a K-shell electron from the Li-like ions, creating He-like ions in the 1s2l excited states. Subsequent decay to the 1s 2 ground state leads to emission of x-ray photons via four possible Kα transitions: one magneticdipole (M 1) transition from the 3 S 1 state, two electricdipole (E1) transitions from the 3 P 1 or 1 P 1 states, and one magnetic-quadrupole (M 2) transition from the 3 P 2 state. The population inversion in the He-like ions re- Figure 1 . Scheme of the lasing process. An upper lasing state 1s2l of He-like ions is pumped through K-shell photoionization of Li-like ions initially in a 1s 2 2l state by an XFEL pulse tuned above the K-edge of the He-like ions (blue arrow left). Lasing takes place through one of the four possible transitions from an upper lasing state 1s2l to the lower lasing state 1s 2 (green arrows). The state 1s 2 is depleted through further K-shell photoionization by the same XFEL pulse (blue arrow right). L-shell photoionization of the upper lasing states is represented by the thick blue arrow. The order of the 1s2l states may vary for different elements. Table 1 . Results for selected x-ray lasing transitions for different elements. Radiative parameters like transition energy ω0, natural linewidth Γ and upper-state lifetime τ are obtained from the GRASP code 24 . The XFEL photon energy ω xfel , tuned above the K-shell ionization threshold of the 1s 2 state, and the mean peak flux (ph. stands for photons), used in the 1,000 realizations of the SASE XFEL pulses, are fixed to ensure population inversion and the applicability of the two-level approximation. Electron temperature Te and ion density Ni (n0 = 10 20 cm −3 ) are chosen to enable a significant fraction of Li-like ions in the plasma 25 ( Supplementary Fig. S1 ). The broadening effects, with Doppler broadening ∆ωD, electron-ion impact broadening ∆ωe-i, and ion-ion Stark broadening ∆ωi-i, are calculated for given Te and Ni based on Maxwell-Boltzmann distributions 26 , with ion temperature Ti = 487 K. The characteristic length Lc is the optimal length defined in Fig. 2 . The XRL intensity Ic as well as the relative bandwidth ∆ω/ω0 at this length are obtained by averaging over 1,000 simulations, with the uncertainties arising from the random XFEL pulse profile. The upper and lower bounds are the values at the 10th and 90th percentiles of the corresponding distributions (as shown in Figs. 2d,f for Ar 16+ 3 P1). sulting from this photoionization-pumping scheme leads to amplification of the emitted x-rays, i.e., to inner-shell x-ray lasing.
Radiative
Two factors determine which transition will lase. Firstly, population inversion is needed to have stimulated emission. Typical XFEL facilities, with peak photon fluxes of 10 33 -10 35 cm −2 s −1 (1 µm 2 spot size, ref. 17, 19) , yield an inverse ionization rate of a few femtoseconds, such that XFEL pulses can effectively photoionize all the Li-like ions. Transitions with upper-state lifetimes longer than 1 fs are necessary to ensure population inversion between the 1s2l and 1s 2 state. Furthermore, the finite lifetime of the plasma τ p ∼ 10 ps (ref. 27 ) also influences the lasing process. Sufficient amplification of x-ray radiation will take place only from transitions whose decay is slower than XFEL pumping, but faster than plasma expansion. To understand the properties of our XRLs and how they develop in the plasma, simulation results for the 2 at which the stimulatedemission rate equals the spontaneous-emission rate. This is also the intensity from which the amplification begins to slow down. The evolution of the pulse duration Figure 2 . Evolution of the XRLs over 1,000 simulations (Ar 16+ 3 P1). a-c, Peak intensity, pulse duration and spectral full width at half maximum (FWHM) for the x-ray laser. The solid lines display results averaged over 1,000 simulations. The dotted line in (a) indicates the saturation intensity Is = 1.18 × 10 12 W cm −2 . L1, L2 and L3 mark the lengths for the XRL pulse to reach transform-limited profile, saturation intensity and Rabi flopping, respectively. Lc refers to the characteristic length that optimizes the intensity and bandwidth of the XRL pulses. Here, it is defined as the length at which the slope of the solid line in (a) is 1/3 of the slope at L2. The gray areas in (a-c) indicate the distribution areas of the results over 1,000 simulations. At a given length, the bottom and top edges of the areas indicate the 10th and 90th percentiles of the distributions, respectively. d-f, Distributions of the peak intensity, pulse duration and spectral FWHM at Lc along the green dotted lines in (a-c). In (d), there are 15 simulations whose peak intensities locate in the unsaturated region 10 6 ∼ 10 12 W cm −2 , indicating that 1.5% of the SASE XFEL pulses cannot provide enough pumping. and the spectral width are shown by the solid lines in Figs. 2b,c. At L = 0, only spontaneous emission takes place: the 342-fs average pulse duration is mainly determined by the lifetime of the 3 P 1 state (Fig. 2b) , whereas the 23.5-meV intrinsic spectral width before propagation (Fig. 2c) is mostly due to the sum of the natural linewidth Γ and the three broadening effects shown in table 1.
During its propagation in the medium, gain narrowing and saturation rebroadening will also contribute to the final bandwidth. This can be observed by inspecting the four distinct propagation regions separated by L 1 , L 2 and L 3 in Figs. 2a-c, which can also be followed in Figs. 3a,b for a single simulation. Up to L 1 = 0.75 mm, both the pulse duration and spectral FWHM decrease severely. The laser intensity and spectrum in this region for a single simulation are spiky and noisy, as the ions irradiate randomly in time and space (Figs. 3a,b) . When the spontaneously emitted signal propagates and stimulated emission sets in, it selectively amplifies the frequencies around ω 0 such that the XRL pulse approaches a fully coherent transform-limited profile at L 1 (ref. 29) , with a bandwidth smaller than the intrinsic width. Thereafter, a gradual broadening of the spectrum is observed in the region L 1 L 2 . The broadening increases abruptly from L 2 = 2.3 mm, where the saturation intensity has been reached and the stimulated-emission rate exceeds the spontaneous-emission rate. This is accompanied by a substantial slowing down of the amplification of the intensity and a significant decrease of the pulse duration in the region between L 2 and L 3 (Figs. 2a,b) . Further propagation of the XRL pulse after L 3 = 3.5 mm is characterized by the onset of Rabi flopping (Fig. 3a) which is reflected by a splitting in the XRL spectrum (Fig. 3b) . This effect is much stronger and more marked than for previous XFEL-pumped transient lasers with neutral atoms (ref. 29) due to the absence of Auger decay 30 . At the same time, the gain of the laser intensity in this region is strongly suppressed.
The optimal choice for a coherent XRL pulse is located in the third region L 2 L 3 , where saturation has already been reached while the bandwidth is still narrow. Fig. 2 . For lengths larger than Lc, the strength of the second peak in (a) appearing around retarded times of ∼ 700 fs has been multiplied by a factor of 5 for better visibility. c,d, XRL pulse profile and spectrum at Lc. The yellow dotted lines correspond to the results from the simulation in (a,b). Three other simulation results (green, blue and red dotted lines) at Lc are also included for comparison, with the solid lines corresponding to the results averaged over 1,000 simulations. e-h, SASE XFEL pulses used in the four simulations in (c,d). Differences in amplitudes and positions of the peak intensities in (c,d) are the result of shot-to-shot random profiles of the SASE XFEL pulses. XRL intensity and spectrum as a function of propagation length for the XFEL pulses in (f-h), and averaged over 1,000 simulations, can be found in the Supplementary Information. In (c,d), the blue solid lines are obtained by averaging XRL pulse shapes and spectra as a function of retarded time and frequency, respectively. The peak intensity of the averaged XRL pulse shape in (c), therefore, differs from the averaged value of the XRL peak intensity displayed in Fig. 2a and table 1 , because the position of the intensity peak varies from shot to shot.
By choosing the medium length to be L c = 3.3 mm, as shown in Fig. 2 , one will obtain an approximately 87-fs-long XRL pulse with an average peak intensity of I c = 5.0 × 10 14 W cm −2 (∼80% fluctuations) and an average bandwidth of ∆ω = 24.5 meV (∼30% fluctuations) (table 1). This gives ∆ω/ω 0 = 7.8 × 10 −6 for a total of 6.5 × 10 8 coherent photons, with a peak brilliance of 1.4 × 10 31 photons/s/mm 2 /mrad 2 /0.1%bandwidth.
In conclusion, we put forward a scheme to obtain highintensity x-ray lasers with bandwidths up to three orders of magnitude narrower compared to the value predicted for seeded-XFEL sources in the hard-x-ray regime 17 . While the photon energies of the XRLs are fixed by the corresponding isolated transitions, three-wave interactions by synchronizing XFEL pulses with optical/XUV lasers could be investigated in future studies to tune the frequencies in a broad range. Such x-ray sources will enable novel studies of coherent light-matter interactions in atomic, molecular and solid-state systems.
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SUPPLEMENTARY INFORMATION A. MODELING OF THE PROPAGATION THROUGH THE MEDIUM
In this section, we first discuss the model used to describe lasing in He-like ions in the two-level approximation. Maxwell-Bloch equations are developed to model the dynamics of the system and the propagation of the x-ray laser (XRL) pulse through the gain medium. The equations are solved numerically with a Runge-Kutta method in the retarded time domain. Initial populations of the ionic states are obtained from FLYCHK simulations of the chargestate distributions under given plasma conditions. Cross sections of XFEL photoionization for each element, as well as XFEL pulse durations and bandwidths used in the simulations, are also listed.
A1. Maxwell-Bloch equations in the two-level approximation
Selected transitions applicable for our lasing scheme are shown in table 1 from the main text. A full description of the lasing process should account for all the 1s2l (l = s, p) states in He-like ions. However, the lifetimes of these states differ from each other by orders of magnitude. When only one of the four Kα transitions in the He-like ions satisfies the lasing requirements described in the main text, a two-level description of the ions is sufficient.
For light ions, Ne 8+ for example, the E1 transition with a decay rate of 9.24 × 10 12 s −1 from the 1 P 1 state will develop lasing. The other transitions have decay times much larger than the plasma expansion time, and their contribution is negligible compared to the 1 P 1 state, such that they can be neglected. For heavy ions like Xe 52+ , however, the two E1 transition rates scale as ∼ Z 4 (Z being the atomic number), corresponding to 3.05 × 10 15 s −1 for 3 P 1 and 6.82 × 10 15 s −1 for 1 P 1 , respectively, which are too large to enable population inversion with available XFEL pulses. On the other hand, the decay rate of the M 1 transition from the 3 S 1 state and the M 2 transition from the 3 P 2 state are 3.7 × 10 11 s −1 and 2.56 × 10 12 s −1 , respectively, which are sufficient for lasing to take place before the expansion of the plasma. However, the M 1 transition from the 3 S 1 state is dominated by large Stark broadening effects, such that the amplification of photons emitted from such transition is much slower than for those emitted in the M 2 transition. Within the characteristic length L c for the M 2 transition, the presence of the 3 S 1 state can hence be neglected. Similar arguments are applicable to Kr 34+ . For Ar 16+ , there are two transitions that may lase simultaneously, as listed in table 1 from the main text. However, the lifetimes τ of these states differ from each other by a factor of 63. The XFEL photon flux can be tuned properly to exclude one of them from lasing. For instance, in order to obtain lasing from the 3 P 1 → 1 S 0 transition, a mean peak flux of 2.29 × 10 33 cm −2 s −1 for the XFEL pulses is applied. This generates an upper state pumping rate and a lower-state depletion rate which are 32 and 58 times larger than the decay rate of the 3 P 1 upper state, respectively, resulting in population inversion of the transition. At the same time, for this value of the peak flux, the pumping rate of the 1 P 1 upper state is only 0.26 times the decay rate of the 1 P 1 state, too small to obtain population inversion in the 1 P 1 → 1 S 0 transition. Thereby, lasing will only take place from the 3 P 1 state. Sufficient amplification of the x-ray photons emitted from the 1 P 1 state needs higher XFEL peak fluxes and higher ion densities. When such conditions are met, e.g., for the parameters shown in table 1 in the main text, lasing from the 1 P 1 → 1 S 0 transition takes place. Saturation will be reached much sooner than for the 3 P 1 → 1 S 0 transition, such that the 3 P 1 state can be neglected. Assuming XFEL pulses propagating along thex direction, the evolution of the x-ray laser field in the slowly varying envelope approximation is given by
where A(x, t) is either the electric field E(x, t) or the magnetic field B(x, t), depending on the specific transition. µ 0 is the vacuum permeability and c is the vacuum speed of light. F (x, t) corresponds to the polarization field induced by E(x, t) for E1 transitions, or the magnetization field and magnetic-quadrupole field induced by B(x, t) for M 1 transitions and M 2 transitions, respectively. For a given lasing transition, we assume all Li-like ions are pumped into the corresponding upper lasing state of such transition by the XFEL pulse. Using |e and |g to represent the upper lasing state and the lower lasing state, respectively, the dynamics of the He-like ions are described by the Bloch equations of the density matriẋ
The carrier frequency ω 0 is chosen to be resonant with the lasing transition. ρ ee and ρ gg are the populations of |e and |g , and the off-diagonal term ρ eg represents the coherence between the two lasing states. Ω(x, t) = ℘E(x, t)/ for an E1 transition (or Ω(x, t) = mB(x, t)/ for an M 1 transition, and Ω(x, t) = k 0 q yx B(x, t)/ for an M 2 transition 3 ) is the time-and space-dependent Rabi frequency, with ℘ the electric-dipole moment, m the magnetic-dipole moment, and q yx the yx-component of the magnetic-quadrupole tensor. XFEL pumping of the |e state from Li-like ions is accounted for through the second term in the right-hand side of Eq. (S2), with ρ 00 being the population of Li-like ions, j xfel the photon flux of the XFEL pump pulse, and σ 0 the K-shell photoionization cross section of the pump process (1s 2 2l → 1s2l). The XFEL pulse also depletes the |e and |g states, as modeled by the third term on the right-hand side of Eq. (S2) and the second term on the right-hand side of Eq. (S4), respectively, with σ e and σ g being the corresponding photoionization cross sections. In Eqs. (S2) and (S4), Γρ ee (x, t) describes spontaneous emission at rate Γ. In Eq. (S3), the parameter γ = Γ + ∆ω e-i + (σ e + σ g )j xfel (x, t) (S5) models the three contributions to the decay of the off-diagonal elements: Γ is the decoherence originating from spontaneous photon emission; the second term ∆ω e-i accounts for the broadening from electron-ion collisions 5 ; and the final term describes the contribution from depletion of the total population of He-like ions. S(x, t) in Eq. (S3) is a Gaussian white-noise term added phenomenologically, which satisfies S * (x, t)S(z, t
where ε 0 is the vacuum permittivity and N i stands for the density of the ions in the plasma. d = 0.4 µm is the radius of the XFEL spot on the plasma and L is the length of the plasma. The coupling between the Maxwell equations and the Bloch equations is given through the induced fields P = −2N i ℘ρ eg , M = −2N i mρ eg and Q = −2N i qρ eg for E1, M 1, and M 2 transitions, respectively. Absorption of the XFEL pulse by the ions is included through the rate equations
where k={0, e, g} represents the three different states.
A2. Charge-state distribution
Values of the initial populations of the states in Li-and He-like ions are computed with the FLYCHK code
where ρ Li-like and ρ He-like are the fractions of Li-like ions (1s 2 2l state) and He-like ions (1s 2 state) shown in Fig. S1 . The initial population of the 1s2l upper lasing states in He-like ions is found to be negligible. Thus, most of the He-like ions are in the lower lasing state and no population inversion exists before XFEL-pulse pumping sets in. Since the decay of the upper lasing state in He-like ions is much slower than the K-shell photoionization rate, after the Li-like ions are pumped to a 1s2l state, this decays on a time scale much longer than the inverse of the K-shell photoionization rate. Population inversion develops after the lower lasing state (1s 2 ) of the He-like ions has been depleted by the XFEL pulse. In the simulation, only evolutions of the He-like ions are described by density-matrix theory. The evolution of the populations of the other charge states is modeled through rate equations.
A3. XFEL parameters
Using the radiative parameters displayed in table 1 from the main text, and the corresponding K-shell and L-shell photoionization cross sections shown in table S1, the XFEL parameters are fixed such that the requirements for lasing described in the main text and in Sec. A1 are satisfied, and significant population inversion can be obtained. In particular, the XFEL photon energies ω xfel listed in table 1 in the main text are tuned above the K-edge of the He-like ions, in order to ensure depletion of the initial population in the lower lasing state of He-like ions. For the Figure S1 . Charge-state distributions for different elements and simulation parameters.
elements considered, this photon energy is also above the K-edge of the corresponding Li-like ions. Photoionization of Li-like ions to a 1s2l excited state in He-like ions then ensures population inversion of the considered lasing transition. Most of the XFEL bandwidths listed in table S1 are chosen taking into account realistic parameters at XFEL facilities in operation or under construction. Only for the case of Kr 34+ and Xe 52+ , the smallest values of the XFEL coherence times, thus the largest values of the XFEL bandwidths, used in the simulations are limited by the time steps (δt = 0.0001τ = 0.95 fs for Kr 34+ and δt = 0.001τ = 0.34 fs for Xe 52+ ) employed in our numerical calculations of the Maxwell-Bloch equations. However, simulations run with smaller time steps, thus larger XFEL bandwidths, provide results which are not significantly different. This is because photoionization pumping is determined by the XFEL flux and is not significantly influenced by the properties of the XFEL spectrum 1 . Therefore, when we compare the bandwidth of the XRLs and XFEL pulses in the main text, we refer to the realistic bandwidth measured at XFEL facilities and not to the values used in this table. Table S1 . Extended XFEL parameters. K-shell ionization cross section σ0 and σg, together with the L-shell ionization cross section σe, are calculated from the LANL Atomic Physics Codes 8 (kb = 10 −21 cm 2 ). SASE XFEL parameters such as pulse duration, bandwidth and total photons inserted into the medium are simulated with a partial-coherence method 9 . The number of photons absorbed during the lasing process is obtained from our numerical solutions of Eqs. (S2 -S7 
withv e = 8k B T e /πm e being the average thermal velocity of the electrons in the plasma and N e the electron density, and Z i the charge number of the ions. T e and m e are the electron temperature and electron mass, respectively. lnΛ ∼ 10 is the Coulomb logarithm and rr is a tensor with r being the dipole operator of the bound electrons in the ions. Such broadening is significant only for light ions such as Ne 8+ and Ar 16+ with lower electron temperatures, but becomes negligible compared to ∆ω D for heavy ions and higher electron temperatures.
The quadratic Stark broadening from ion-ion interaction is calculated through
α is the quadratic Stark coefficient which would be different for each transition, and F 2 is the mean-square electric-field strength generated by nearby perturbing ions with charge number Z p . ℘ jk and E jk are the electric-dipole moment and energy difference between the states |j and |k , respectively. ∆ω i-i , in general, is negligible for N i < 10 19 cm −3 , but becomes large for dense ion gases.
In general, the natural broadening and electron-ion impact broadening are homogeneous for each ion, giving a Lorentzian spectrum. The Doppler broadening and ion-ion Stark broadening, on the other hand, are inhomogeneous for different ions, and result in a Gaussian spectrum. For systems involving both homogeneous and inhomogeneous broadenings, as it is the case here, the real spectrum has a Voigt line shape given by the convolution of the Lorentzian and Gaussian profiles, with a FWHM ∆ω V approximately given by
Here, ∆ω L = Γ + ∆ω e-i is the FWHM of the Lorentzian function, and ∆ω G = ∆ω D + ∆ω i-i is the FWHM of the Gaussian function. Numerical simulations of the lasing process accounting for the inhomogeneous broadening should take into account the distributions of the thermal velocity as well as Stark shift of the ions, which renders the simulations time consuming. However, Eq. (S16) shows that ∆ω V ∼ ∆ω L + ∆ω G = Γ + ∆ω e-i + ∆ω D + ∆ω i-i (S17)
For the sake of simplicity, we can approximate the parameter in Eq. (S5) as γ = Γ + ∆ω e-i + ∆ω D + ∆ω i-i + (σ e + σ g )j xfel (x, t).
With this approximation, the distribution of the ions over different thermal velocities and Stark shifts is automatically included in the Maxwell-Bloch equations. This simplification may lead to a maximum of 25% overestimate of the bandwidth compared to the Voigt bandwidth ∆ω V in the simulations. However, this will not change our conclusions in the main text.
C. OTHER SIMULATION RESULTS
Simulation results of the intensity profile and spectrum as a function of propagation length for shots 2-4 in Fig. 3 in the main text, as well as the intensity profile and spectrum averaged over 1,000 simulations, are displayed in Figs. S2-S4 and Fig. S5 , respectively. Shot-to-shot differences are a consequence of the random SASE-XFEL-pulse profiles used, shown in Figs. 3e-f in the main text. Figure S2 . Evolution of the normalized x-ray laser intensity and spectrum (shot 2). Results for SASE-pulse shot 2 in 
